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It is established that a normal integrand in the sense of Rockafellar is the 
pointwise limit of an increasing sequence of Caratheodory’s functions. This result is 
used to extend the range of application of relaxed controls to functions which are 
only semicontinuous in the control variable. Finally, a result on existence of 
optimal relaxed solutions is derived. 
1. INTRODUCTION 
A well known result in analysis states that every bounded semicontinuous 
function defined on a separable locally compact metric space is the limit of a 
monotone sequence of continuous functions with compact supports. 
Motivated by certain optimal control problems, Rockafellar [5] 
introduced the so-called normal integrands. Normal integrands are related to 
the Caratheodory functions, which play a central role in the theory of 
existence of solutions t ordinary differential equations. Every Caratheodory 
function is in particular a normal integrand [6, Proposition 31. 
In this paper we show that every normal integrand is a pointwise limit of 
an increasing sequence of Caratheodory functions. This approximation result 
can be viewed as a generalization of the fact stated at the beginning of this 
introduction. With the aid of this result we extend the range of application of 
the relaxed control functions to functions only semicontinuous in the control 
variable. Finally, we will give an existence of solutions theorem for a general 
optimal control problem, with the novel characteristic that the cost 
functional is expressed as the integral of a function only lower- 
semicontinuous (1.s.c.) in the state and control variables. 
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2. NOTATION AND MAIN RESULTS 
We denote by (I,./) a general measurable space, and by S a complete 
separable locally compact metric space equipped with metric d. 
Following [2, Chap. 8, Sect. 41, if ,U is a (positive) measure defined on ,M, 
we let *MU denote the p-completion of M. We denote by .I the completion of 
,H, i.e., .I= n,,.M@, where ,O ranges over all finite measures ,U defined on 
.N. It is evident that J c.2 c.MV for a!1 finite ,L 
We denote by 9(S) the system of Bore1 subsets of S, and by J 0 &9(S) 
the u-algebra generated by the elements of the Cartesian product d X 9(S). 
A function f: Z x S + R is a Caratheodory function if it is continuous on S 
for each t E Z and measurable on Z for each s E S. 
A function f: Z x S -+ R u {+oo } is a normal integrand if it is 
A@ S(S)-measurable and 1.s.c. on S for every fixed t E I. By R = 
R U (-co, +co} we denote the extended real line with its usual order 
topology. By N we denote the set of positive integers. 
Gilen an abstract set X and an indexed family of functions (fi}isA, fi : 
X --) IR, the upper envelope of {fi}iEA is the function f defined by 
f(x) = y,p f;:(x)* 
We are now in a position to state our main result. 
THEOREM 1. Let f: Z X S --t R be J @ S(S)-measurable and 1.s.c. on S 
for each fixed t E I. Assume there exists a measurable function k: Z -+ IR such 
that 
f (6 s> 2 40 for all (t, s) E Z X S. 
Then there exists an increasing sequence {f,},, N of functions f,, : Z x S + R, 
such that for each n, f,,(t, s) is .p-measurable in t for each fixed s E S, 
continuous on S and with compact support in S for each t E I, bounded on 
Z x S, and such that lim, f,,(t, s) = f(t, s) pointwise on Z x S. 
Remark 1. Theorem 1 appropriately modified is valid when f(t, s) is 
upper-semicontinuous (u.s.c.) in s for each t. In this situation we require that 
f(t, s) be bounded above by some measurable function k’(t) uniformly in s, 
and the theorem asserts the existence of a sequence (f,, ],, N decreasing to J 
Remark 2. When f is independent of t E I, Theorem 1 reduces to the 
well-known approximation property of 1,s.~. functions by increasing 
sequences of continuous functions. 
We shall first state an auxiliary result, which is a direct conclusion of the 
projection theorem (see [2, Proposition 8.4.41). This lemma is partially an 
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extension of ] 1, Proposition 7.471, where the projection space is defined to 
be a Bore1 space. 
LEMMA 1. Let f: I x S -+ P be H@ .9(S)-measurable. Then the 
function f*(t) = inf,,, f (t, s) is ~#-measurable. 
ProoJ It is sufficient to show that the set C = (t E I: f*(t) < c} is g- 
measurable for each c E R. But 
C={tEI: ~~~f(t,s)<c}=proj,(/(t,s)EZXS:f(t,s)<c)) 
is the projection on I of the set {(t, s) E Z x S: f(t, s) < c) which is 
N@ 9(S)-measurable for each c E R, since by hypothesis f is ,N@ .59(S)- 
measurable. Therefore from 12, Proposition 8.4.41, C is .$-measurable. 1 
Proof of Theorem 1. We remark first of all that, to prove the theorem it 
sufftces to demonstrate the existence of a countable family {hi)i, N of 
functions having the measurability, continuity, boundedness, and 
compactness of support properties of the f,‘s in the theorem statement, and 
such that f is the upper envelope of (hiJiEN. Indeed if such a family exists, 
then the sequence defined by 
g,(t, s) = sup{h,(t, s): i < n) 
has the stated properties. 
First note that by considering the function (t, s) t+ f(t, s) - k(t), we may 
restrict attention to the case f(t, s) > 0, without any loss of generality. Since 
S is a locally compact separable metric space, from [3, 3.18.31 we infer there 
exists an increasing sequence {Gn}neN of open relatively compact sets in S 
such that c,, c G,, , and S = lJ, G,. For each n E N define a function g, : 
ZXS+R as follows: 
g,(t, s> = f (6 s), if sEG,, 
= 0, if sES\G,. 
Then obviously g, < g,, , , lim, g, = f and g, is I.s.c. on S, each t E 1, and 
/ 0 9(S)-measurable. 
So if for each n E N, g, is the upper envelope of a countable set D, of 
functions .2-measurable in t and continuous in s, then f will be the upper 
envelope of lJ, D,, which is also a countable family. But obviously, each 
function in D, has compact support in S, each t E I. Hence we may further 
restrict ourselves to the case where f has compact support in S for each t. 
Let us now for each n E N define the function 
h,(t, s) = f$ [f(t, z) + n e d(s, z)]. (1) 
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For fixed (n, t, z), the function s h f(t, z) + n . d(s, z) is Lipschitz 
continuous, with Lipschitz constant n independent of z. Hence the function 
s b h,(t, s), being the intimum over z E S of the above function, is also 
Lipschitz continuous. 
On the other hand, the function (t, z) ++ f(t, z) + n . d(s, z) is .Y @ .59(S)- 
measurable for each fixed s E S, hence from Lemma 1 we conclude that 
t w h,(t, s) is g-measurable. 
Now, it is evident that {hn}neN is increasing and h,(t, s) <f(t, z) + n . 
d(s, z), for all z E S; in particular for z = s we obtain h,(t, s) < f(t, s) for all 
n E n\l. Hence for any (t, s) E Z x S fixed we have 0 < h,(t, s) < f(r, s) and 
oh& S)“dN is increasing, hence 
lim h,(t, s) < f(t, s). (2) n 
Besides, given any E > 0, for each n E N, there exists some z, E S so that 
fk zn> + n . 4% ZJ < h,(t, s) + E. (3) 
Then either (a) h,(t, s) T +oo, and from (2) we see, thatS(t, s) must be equal 
to +co, and equality holds in (2); or (b) h,(t, s) is bounded, hence from (3), 
d(s, z,J -+ 0, i.e., z, + s. But then the lower-semicontinuity off(t, e), together 
with 13, 12.7.131 and (3) imply 
f(t, s) < limninff(r, zn) < limninf [f(t, ZJ + n . d(s, zJ] 
< lim h,(t, s) + E 
n 
and since E > 0 is arbitrary, we conclude 
f(t, s) < li? h,(t, s). (4) 
Equations (2) and (4) imply lim, h,(t, s) =S(t, s). Since (t, s) E I x S is 
arbitrary, h, + f pointwise on Z x S. Finally, let us define f,,(t, s) = 
min{h,(t, s), n}; then {fn}npN satisfies all the requirements of Theorem 1 and 
alsof,,(t, s) < n for each n E n\l. I 
COROLLARY 1. Let (I, M,,u) be a complete measure space and let f: 
I x S -+ 6 be a function such that f(t, s) > k(t) for all (t, s) E I x S for some 
measurable k. The following two statements are equivalent: 
(a) f is a normal integrand; 
(b) f is the upper envelope of a countable family of bounded 
CarathPodory functions f, : Z x S -+ R, n E N. 
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Proof: That (a) + (b) is directly obtained from Theorem 1. For 
(b) => (a), since f = sup,, f,, f is A @ A?(s)-measurable. Fix t E I; then from 
[ 3, 12.7.61 we conclude that f(t, .) = sup,f,(t, .) is 1.s.c. g 
3. APPLICATIONS TO RELAXED CONTROL THEORY 
Here we take that Z is [0, 1] and .A is the a-algebra 9 of Lebesgue 
subsets of I. Since if A is the Lebesgue measure, !Y = (9(Z)),, the measure 
space (I, 9, A) is complete. 
Let U be a compact metric space; then by [ 1, Corollary 7.6.21, U is 
complete and separable. We denote by L ,(Z, C(U)) the Banach space of 
integrable functions with domain Z and values in the usual Banach space of 
real-valued continuous functions defined on U. The space L ,(I, C(U)) is 
isometrically isomorphic to H, the space of Carathtodory functions 4: 
IX U-+ m such that ]I$(& .)]I,,, is integrable. Hence we may identify H with 
L,(Z, C(U)) and equip H with the norm 
(cf. [7, IV.1.21). 
From the Dunford-Pettis theorem we obtain that the topological dual of 
L,(C(U)) is isometrically isomorphic to the Banach space L,(Z, C*(U)), i.e., 
the space of essentially bounded measurable functions with domain Z and 
values in the space C*(U) of regular finite Bore1 (or simply Radon) 
measures on 9(U). 
The space of relaxed control functions (or simply relaxed controls) is the 
subset 29’(U) of L,(Z, C*(U)) comprising of elements ,U with (strong) norm 
1, i.e., ess SUP Illu(r>llT.Y. = 1, where I] . ]IT,v, is the total variation norm. 
Subset Y(U) is a convex set and when it is equipped with the 
relativization of the weak*-topology of L&Z, C*(U)), it is a metrizable 
compact space. We will henceforth take F(U) as having this topology. The 
action ~(4) of a relaxed control function p on L I(Z, C(U)) is given by 
~(9) = 1, dt j, W, u>iWW). (5) 
Equation (5) is meaningful, since from [7, Theorem IV. I.61 the map 
t I+ (, Q(t, u) ,u(t)(du) is integrable. 
We shall employ Theorem 1 to extend the range of application of the 
linear functional p E L,(Z, C*(U)) to a space which is larger than 
L,(Z, C(U)), notably we shall relax continuity in the u-argument to semicon- 
tinuity. 
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PROPOSITION 1. Let 13: I x U+ R be 9 @ S(U)-measurable and 1.s.c. 
in u for each t E I, and Zet there exist v/@ E L,(I) such that we(t) < f?(t, u)for 
all u E U. Then the integral 
de> = 1 dt j W, u) ,4t)(du) 
I cl 
is well defined (,a(O) E R or ,a(@ = +a~). 
Proof. It is sufficient to show that the map 
t - ! W u)&)(du) cl 
is measurable. From Theorem 1, there exists a monotone sequence {hn}NEN c 
L,(I, C(U)) that converges pointwise to 8. We may apply the monotone 
convergence theorem to obtain 
“,” j 
u 
h,(t, u) ,W(du) = J  ^ lim h,(t, u) &)(du) 
iI n 
= ! W, u) ,dOW) L’ 
Equation (6) shows that the map t t+ I, e(t, u),a(t)(du) is the pointwise limit 
of a sequence of p-measurable maps ([7, Theorem IV.1.6]), hence it is 
measurable. I 
We remark that a similar result holds for a function (1, u) U.S.C. in u or 
indeed a function expressible as the sum of a 1.s.c. and an U.S.C. function. We 
have extended the functional from L,(Z, C(U)) to a larger set. Proposition 2 
gives conditions, in this broader context, under which we are justified in 
taking the limit under the integral sign. 
PROPOSITION 2. Let {t9n}neN be an increasing sequence of normal 
integrands 0, : Z x U + R bounded below by some v E L,(Z), v/(t) < O,(t, u) 
for all (n, u) E N x U, and convergent pointwise to O(t, u). Then 
li? 1’ dt 1 O,(t, u) ,u(du) = 1’ dt j O(t, u) ,a(t)(du), 
0 V 0 V 
or equivalently, lim,p(O,) =p(B) =,~~(lim, 0) for every ,a a relaxed control 
function. 
Proof: It is evident that 0 is Y @ 9(U)-measurable. From Theorem 1, 
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for each n E N there exists an increasing sequence (hnm)mcY of Caratheodory 
functions such that lim, h,, = 0, pointwise. 
Fix f E I; then clearly B(t, .) is the supremum of the double sequence 
~Lz(~~ .)lneiN m&i From 13. 12.7.61 we conclude that B(t, .) is I.s.c.: 
therefore 0 is’also a normal integrand and from Proposition 1 the right-hand 
side of (7) is well defined. Equation (7) now follows from a double 
application of the monotone convergence theorem: 
lim j’ dt 1 
n 0 I: 
B,(t, u)p(t)(du) = f’ (lim (_ 19,(t, u)p(t)(du)) dt 
-0 n “I’ 
= -’ dt 
1 ! 
lim 8,(t, u) ,u(t)(du) 
-0 I’ n 
= 
r J 
’ dt . B(t, u)p(t)(du). 1 
-0 0 
PROPOSITION 3. Let A c R” be open and h: I x A X U+ f? be 
9 @9(A) @ S(U)-measurable and I.s.c. on A x U for each t E I. If 
(Cxi~Pi)lieN c C(Z, R”) x F(U) converges to (x0, ,uo) and there exiss 
y E L,(Z) such that y/(t) < h(t, xi(t), u) for all u E U, i E IN, then 
limiinfl dtl I lJ h(t, xi(t), u)Pi(f) 2 l dt ,f, 46 x,(t), u>po(f)(du). 
Proof: Under our hypotheses, when x E C(Z, R”), the function (t, u) t--, 
h(t, x(t), u) is a bounded from below normal integrand, hence the above 
integrals are defined (Proposition 1). 
Consider the Banach space L ,(I, C(A x U)); then the pair (x, p) 4 w may 
be thought of as a linear functional on L,(I, C(A X U)) as follows: 
g E+ w(g) = 1 dt j” g(c x(t), u> ,4t)(du), g E L j(Z, ‘9 x WI. 
I u 
From Proposition 1 the number (extended real) 
w(h) = j dt I’ h(t, x(f), u> ,@)(du) 
I u 
is also well defined. 
If we denote (xi,pi) 4 wir i = 0, 1, 2 ,..., we have lim, wi = w. in 
C(Z, R”) x F(U) and from [4, Proposition 7.21 we obtain 
liy wi(g) = Wok)3 g E L IV, W x u)>. (8) 
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We need to prove lim inf, w,(h) > w,(h). From Theorem 1 there exists a 
sequence { gj]je)J C ~5 r(Z, C(A X U)) such that gj increases pointwise to h. 
Since wi, i = 0, l,... are positive linear functionals, we have 
wi(gj> G wi(h> for each jE N, ZEN. (9) 
Since gj E L,(Z, C(A x U)), from (8) and (9) we obtain 
lim Wi(gj) = W,(gj) < limiinf W,(h) for each j6! N. (10) 
If we denote pj(t, u) 4 gj(t, x,(t), u), j E N, then qj E L,(Z, C(U)) and 
qj(t, U> T h(t, x0(t)> u)* H ence from Proposition 2 we obtain 
liy wO( gj) = l$n clO(cOj) = iu,(lim Vj> = We(h). (11) 
Equations (10) and (11) together imply 
w,(h) < limiinf wi(h). 1 
COROLLARY 2. Zf h is as in Proposition 3, and furthermore w(t) < 
h(t, x, u)for all (x, u) E A X U, then the functional H: C(Z, R”) x F(U) -+ R, 
defined by 
is I.s.c. 
H(x, P> = j dt j h(t, x(f), u> ,@)(du) 
I u 
Proof Since C”(Z, R”) x Y(U) is a metric space, this is a direct conse- 
quence of Proposition 3 and [4, Proposition 2.11. 1 
Let Y(U) denote the set of all subsets of U. A multifunction V: Z + Y(U) 
is a map that assigns to each t E Z a subset V(t) of U. The graph of the 
multifunction V is the set 
gph V& ((t,u)~Zx CT: UE v(t)). 
Let us now consider the following general optimal control problem: 
minimize 
(’ h(f, x(t), u(t)> dt ‘0 (12) 
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subject to 
i(t) = f(t, x(t), u(t)) 
x(O) E co 
u(t) E v(t) c CT 
a.e. 
a.e. 
(PI 
The sets C, c Rn and U c Rm are compact, V: I --) .9(U) is a 
multifunction, and (f, h): I x R” - W” x R. We define the set S (I’) of 
relaxed control functions corresponding to the multifunction I’, by 
.F( V) = (p E .Y(U): ,u(t)[ V(t) 1 = 1 a.e.}. 
It is known [ 7, IV.3.111 that G(V) is a compact and convex subset of G(U). 
We also define the set of relaxed trajectories corresponding to C,. 
r(C,,) = x E C(I, R”): x is absolutely continuous, 
x(0) E C,, i(t) = 1 f(t, x(t), u) p(t)(du) for some P E .Y (V) [ 
u 
A pair (x, .D) E r(C,) x Z(V) is called a relaxed pair. A relaxed pair that 
minimizes (12) is an optimal solution. 
THEOREM 2. With notation as above, assume that V has an 9 @ 9(U)- 
measurable graph, that f is continuous in (x, u) for each t and measurable in 
t for each (x, u), that h is S? @ AY(lR”) @ S(U)-measurable and 1.s.c. in 
(x, u) for each t, and that for all x E s(C,,) there exist v/, ly’ E L,(Z) such that 
Ifk x(t), ul < w(t), v'(t) < h(t, x(t>, u)for all (u, t) E U x 1. 
Then if the set r(C,) is nonempty, there exists a relaxed optimal solution to 
the above problem. 
Proof From [ 7, VI. 1.11 the set of relaxed pairs (x, ,D) is a compact 
subset of C(Z, R”) x S’(U). From Corollary 2 the function 
ff(x, PU> = ,f dt ( h(t, x(t), u) dt)(du) 
I . ,: 
is I.s.c. on this set. Hence a relaxed optimal solution exists. 1 
Remark 3. Theorem 2 is a new result. The standard assumptions in 
existence theory concerning continuity of the cost integrand h(t, x, u) in 
(x. u) in, say, [ 7 1, have been relaxed to lower semicontinuity. 
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